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A Standard of Small Capacitance 

By Chester Snow 



A formula is derived for computing the electrical capacitance of an absolute standard 
that is a modification of the ordinary parallel-plate condenser with coplanar guard. The 
modification consists in placing the circular face of the electrode at the bottom of a cylindrical 
hole in the guard. The analogous two-dimensional arrangement is also considered. The 
two cases are formulated as special cases of a more general one, in such a manner as to show 
that certain approximate formulas have errors of the same order of magnitude in each case. 
The magnitude of the error is then determined by comparison with an exact formula ob- 
tained for the two-dimensional case by conformal transformation. With certain restrictions, 
easily made in i)ractice, this error seems to be less than one part in two thousand. 



I. Introduction 



To meet tlie demand for a standard of very 
small electrical capacitance that may be computed 
from its dimensions, the ordinary parallel-plate 
type with coplanar guard has been modified by 
placing one electrode at the bottom of a cylindrical 
hole (or well) in the guard as shown in figure 1, a. 
A formula is required for computing the coefficient 
of capacitance C between the conductor on the 
left and the rod that snugly fits the cylindrical 
hole. 

For the mathematical formulation of the prob- 
lem it has been idealized in two ways. Further 
restrictions are made, but these are easy to meet 
in practice. 

If the radius of the disk on the left in figure 1, a, 
is sufficiently large compared to its distance from 
the guard, there will be a region between them 
where the electrostatic field is nearly uniform. If 
it were perfectly uniform, the distribution of 
charge at the edge of the hole, in the cavity, and 
on the piston would be the same as if the radius 
of the left-hand conductor and guard were infinite. 
This is the first simplification in passing from 
figure 1, a, to the diagram in figure 1, b. In the 
latter it is sufficient to show only the half of a 
meridian section, since the potential has axial 
symmetry. The most sensitive experimental tests 
show that when the radius in figure 1, a (corre- 
sponding to A2AQ in fig. 1, b) is five times the 




FicuRE 1. The dielectric volume is generated by rotation 
around the x-axis of the plane region I -\-II-\-III. 



A, Isometric drawing of capacitor; B, meridian section in the half-plane of 
the cylindrical coordinates (X, p). 
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separation, c, there is no detectable change in 
capacitance by further increase in this ratio. 

The second assumption, as shown in figure 1, b, 
is that the clearance between the piston and its 
guard may be ignored. The two are kept at the 
same potential but insulated from each other. 
Condensers of this type have been constructed in 
which this insulation is several hundred megohms, 
although the clearance is almost invisible to the 
naked eye. If the hole were very shallow, the 
edge Ai being close to A2, a correction for clear- 
ance would be more important, but if the depth 
of the hole were of the order of magnitude of its 
radius, both being large compared to the clear- 
ance, such a correction appears to be unimportant. 
With no clearance, the electric field vanishes at 
the edge Ai. There is another reason for making 
the hole relatively deep, say greater than its 
radius or one-half of its radius. This arises out 
of purely mathematical difficidties. 

After adopting these two simplifications and 
formulating the potential, on the basis indicated 
in figure 1, b, a formula for the capacitance C 
was obtained in terms of known functions and an 
infinite set of positive constants x^ (s=l, 2, 3. . . . 
00)^ which are the solutions of an infinite system 
of linear equations. The formulation as an 
integral equation is given in the appendix. It 
suggested the proof, which is given, that the 
solution by the method of successive substitutions 
would be convergent for all positive real values of 
the depth-ratio, ^=(b — c)/a, and of the spacing- 
ratio, y=c/a. The computation of the iterated 
series, which give the constants Xs, seems to be 
very laborious in general. To obtain a simple, 
explicit formula for each Xs (and therefore for 
capacitance C) it was assumed that 0^7^1/5 and 
l^jS^ 00^ or roughly of this order. The shallow 
hole is again excluded, and the restriction on 7 is 
such as must be made in practice even for the 
coplanar case. 

These restrictions do not prevent the extension 
of the range of standard capacitance down to the 
lowest desirable values. Since there are three 
adjustable lengths a, b, and c, it is also practicable 
to make a capacitor to which our formula applies, 
whose value C is as large as that of a coplanar 
type with smaller radius a. Each capacitance 
could be computed and they could be compared 
experimentally, so there is a possibility of ex- 
perimental check on the restricted formula for C 



that is given here. (We have no practicable 
formula of precision for the case of a relatively 
shallow hole.) 

It is not desirable to construct a set of standards 
of very low values, whose capacitance must be 
found experimentally by stepping down from the 
parallel-plate type. Hence the estimate of the 
order of magnitude of error in the restricted 
formula for C (eq 35) should be based on mathe- 
matical considerations if possible. Such an esti- 
mate is made here by what amounts to a mathe- 
matical experiment. 

To make this we consider the corresponding 
two-dimensional arrangement, which may also be 
represented by the half -plane of figure 1, b, view- 
ing it as a cross section of endless conductors, 
X and p now being rectangular coordinates instead 
of the cylindrical coordinates used before when 
the a; axis was the axis of symmetry. On this 
figure the two-dimensional potential has the same 
boundary values as before, but instead of the 
axially symmetric potential equation 



(^di+di+^^d}jv=o, 



we now have 



(Dl+Dl) V=0. 



The formulation of this problem in every step is 
analogous to that used before. A parallel treat- 
ment of the two cases, which was first used, was 
later abandoned in favor of the combined treat- 
ment given here, the two potential equations now 
being special cases of a more general one. The 
analogue of C/a is formally ttC, where C^ is the 
capacitance per unit length of slot (the analogue 
of the cylindrical hole of diameter 2a, being the 
endless slot of width 2a). The general formula 
gives C/a (eq 25 below) as the same function of 
P and 7 and the roots as of Jo{a) = 0, that ttC is 
of jS and 7 and the roots a, of cos a:=0. The same 
is true of the restricted formulas 35 and 35a. 
The combined formulation of the two cases makes 
it evident that the error is of the same order of 
magnitude in both cases for the restricted formulas 
35 and 35a. 

But it is known that the two-dimensional prob- 
lem may be solved by conformal transformation 
with integrals of elliptic functions, and this leads 
to a formula by which ttC may be computed with 
any desired precision. From this it appears that 
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the restricted formula 35a (and hence eq 35) is in 
error by not more than one pai't in two thousand 



( 



when 0<7^ ^ and 1 



</3<-} 



Capacitors that approximate to each of the two 
types here considered have been constructed by 
C. Moon, and their coefficients C and C meas- 
ured by comparison with the parallel-plate type. 
The values agree with those computed by the 
restricted formulas given here, the experimental 
error being estimated as one part in a thousand. 
The longish, two-dimensional type is more diffi- 
cult to construct with precision. 

II. Combined Formulation of the Two 
Potential Problems 

The potential V {x, p) must satisfy the bound- 
ary conditions 

V{o, p) = foro^p^oo 

V{b, p) = l for o^p^a 

V{x, a) = l for c^x^b 

V{c, p)=l for a^p^ 00 

DpV=0 when p = 0, and V-^x/c when p^c» . 

In the dielectric region the axially symmetric 
potential V satisfies the partial differential equa- 
tion 

The two-dimensional potential has the same 
boundary conditions but satisfies the equation 

{D'i+Dl)V=0. 

They may be considered as special cases, v=0 and 
J' = — 1/2 of V{x, p), which has the same boundary 
conditions and is a solution of 

As far as the formulation of the problem is con- 
cerned, it is only necessary to assume that the 
constant parameter J/ is real and greater than —1. 
With this restriction let as denote the s^^ posi- 
tive root of Ju{a) = 0. It is known that for the 
interval 0<J<1, the set of normal functions 
(with weighting factor J) 



uo-^ 






form a closed set, and they are normalized, for 

I ^<t>s{^)4>n{^)dl = bns=\ if n-5, = if 719^8. 

Jo 

Another independent closed set, associated with 
the same constants is 

We use Jy{t) and H,[t) to denote BessePs 
cylinder function of t and the first kind of HankeFs 
function, and assume that the ^-plane is cut along 
its negative real axis. Between these two func- 
tions and their derivatives, there is the identical 
relation in t, 



J.(0 H^t) %TrtH,{t)J,{t) 



There is also the identity in t. 



2S:7i^ 



J vj^n\ik) 



,^a/-n«!-0</^+i(«») t^Mt)' 



(0 



(2) 



which is vaUd for 0^^:51, if n=l, 2, 3, . . . and for 
0:<^<1 in case 7i=0, which becomes 

Letting ^^0 in this gives 

2±'/j^f.=i' for 0<?<1. (2b) 

For brevity let ^=pja 
h-c 



fi = " — " and 7 = -- 
a 'a 



(3) 



^V2r'^(s= 



= 1,2,3, 



>), 



In the appendix is a formulation by contour 
integrals leading to an integral equation. The 
much shorter discussion given here contains all 
that is essential without reference to the appendix. 

Consider the particular solutions Vs(:x,p) (s=l, 
2, 3 . . .), which vanish on all the boundaries of 
the dielectric and are continuous throughout, but 
have discontinuities in bV/dx at the plane x=c, 
corresponding to a surface density 0-3 at this plane, 
where 

\OX /x=e-o \OX /x=e-{-0' 
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Assume in region I it is 

^ sinh a s{ h—x)la ^''Mo^sO . ... 

then in region II it must be 

(4b) 
and in region III it must be 

Vs{x, p)=Ty^-'- 

y^ (_l)n+i gjj^ /^^7^^\ (m7r/7) H, (mx^ /7) J. (mx/7 ) 

(4c) 

By use of the identities (1) and (2a), each for 
t={imrly), it may be verified that not only V^ 
but also dT^s/dp is continuous at p=^a. Also, 
since V^ is continuous at x=c, it is found that the 
surface density o-^ is given by 

47raea,= (coth7a:,+ cothiSQ:,) - ^-^^^^ - 






k = \ 



(5) 



where the positive real coefficients are functions 
of 7 defined by: 

Y(i)_ Y^D— V^ 2 nT\imrly)H,{imriy)J,{imv'y) , . 
^'~ '^".4^ [(^^)^+(7^.)^]-[(^^)^+(7«.)f ^ ^ 

The required potential Vy may be represented in 
the form 



Vy{x,p)= 2 ^XsVsix.p) in II and 111 = 

C s = l 



l~2l]x,F,(^,p) in I 



(7) 



where the real constants Xs must be so chosen 
that 'dVvI'dx is continuous at x=c, that is 

2 Xi X, (47ra(7,) =i for 0^J<1, 
s=i ~ 7 

or by eq 5 

S = l e7,4.i(«s) 

(coth 7as+coth ^as)Xs—y'^as X) ^ii^'^/t = 
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^=(2/7) 1] e7.(a.0/[a,J.+i(a,)]. by (2b) 
If, for brevity, we place 



A.^ 



^1 _sinh ^as sinh yas 

coth 70:5+ coth jSo^s"" sinh (i(3+7)Q:5 



(8) 



the system of linear equations that determine 
the Xs may be written 

Xs=A, \J^+y'ocs g Xf,x^ for ^= 1, 2, 3, ... CO . 

(9) 

By ''successive substitutions" this system is found 
to be equivalent to 



Xg 



sAs 



XiVA, 



A^ skAlr 



\_Ois 



k=l OLtc 



k=\ Oik 



..2{m-l) 



X^-z'^A, 



t=i a^ 



.^2(»-i, -^ x'T^x, 



:} (10) 



where m is any positive integer; in case m=l this 
reduces to eq 9. 

The iterated coefficients are positive reals, de- 
fined by 

00 

Z'";,r'=Z"»+"= S arAX['^xr^, (11) 

where X^y is defined in eq 6. 

If m-^co ^ the second number of eq 10 becomes 
an infinitive series that either converges or di- 
verges to +00 (it cannot oscillate since all the 
terms are positive). If the series converges it 
gives the solution of the system (eq 9). 

To examine this question let x^l\ x^f, • • . x^"^^ 
(s=l,2,3 ... 00) each denote an infinite set of 
positive constants, each being derived from its 
predecessor by the operation that is the second 
member of eq 9. 



'=^^[\+y'±X^SxlA 
7 L^s k=i J 



(12a) 



Starting from any bounded initial set xl'^\ other- 
wise arbitrary, say 

0<xi''^M''\ 

the repeated application of this operation gives 
rv A r ^ °° X^i) A °° Y(2) A 

^(. + l)_^4.H l^^y2J2^^' + y^^^^^+,,, + 

7 L«« k = i Oik k = i Oik 
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'Yim-D A CO ~| 

^2im-i)j2 ^ --• ' + y''^+'^X':i}x['' I (12b) 

If we take the initial set, xl^^ = l, this becomes the 
second member of eq. 10, but it is here assumed 
merely that xi^^ is bounded. 



If 



0<a:i'"^<M^^) for every .9, 



we may then prove that 

0<:r^S"+'^<M(^>-l forevery s, whenM('"^>2 (13a) 

and 



0<a:i"+'^<l for every s, when M^'^^^2. 



(13b) 



This proposition will be shown to hold for every 
finite value of the positive constants j8 and y, but 
in the proof we exclude the case iS=7=0 in which 
there is no problem, and also the limiting case, 
7-^0, 0<iS< 00^ in which the solution of eq 10 is 
obviously Xs=l for every s. 

Before attempting a detailed proof, we may 
notice that if eq 13a is true, it then follows that, 
whatever the initial set (provided it is bounded), 
we shall arrive at an integer m for which M^"'^^2. 
Proceeding to larger values of m we find that if eq 
13b is true then an integer m exists such that 
for every larger integer m the set xi'^'^^^ remains 
bounded and less than 1. Combining this with 
the fact that xi"'"^^^ continually increases with 
increasing m, it is evident that the set x^"""^^^ 
approaches a limit and the second members of eq 
12b and 10 become a convergent infinite series of 
positive terms that is the solution of the set of eq 
9 irrespective of the arbitrary initial set with 
which we start. In fact, certain initial sets x^^^^ 
may be found, which make say xl^^ or a:f ^ a closer 
approximation to the solution than would be 
obtained by starting with the initial set suggested 
by eq 10, namely, 

X['^=^' 

yois 

It would follow that this solution must lie in the 
interval 



yoii 



<^Xs<Cl for every s. 



(14a) 



This inequality shows that the remainder for a 
given m, (the last series in eq 10), has an upper 
bound 



y.+i j2 x^r^x,<72-M x; XT. (i4b) 



k=i 



From eq 8 and 11 it is evident that all the pos- 
itive quantities Xif are functions of fi and 7, 
except that XH^ hy its definition (eq 6) depends 
on 7 only. 

To prove the propositions of eq 13a and 13b 
we start with the inequality 

y 10^: k=i J 



yoLs 71=1 



mr 



[xCf)g.('f)./.(f)] 

{nirY+{ya,y 



^,al+{nThy 



by (6) 



If, in the identity (eq 2), we take n^^^l, ^=1, and 
t=imrly, it becomes 

y^ 2 ^ J,+i(m7r/7) 

Hence, for every 5, 

OLsAs 



^irn+l,^ 



y 



Lay ^ ^1 {niry+{yasy J 

It will appear presently that 

o<.(^);f.(^)j.,.(i.^)<i (15) 

for every finite positive integer n, this positive 
real quantity being a monotone increasing 

function of — ? which only reaches 1 in the limit 

n-^co . 

Hence 



v.(m + 



„ , a,A n , M!!^ v^ 2( 7a.)^ 1 



or smce 



2{yasy 



t^i (nwy+iyasy 



= yas cotli 70:5—1 
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and ^s=l/(coth jas+coih ^ag) by eq 8, this be- 
comes 



1- 



2 (yocs coth yas—l) ^^x 



^ ' ^ yas (coth 7Q^s+coth fiag) 
for s = l, 2, 3, ... .CO. 

From this, the second part of the theorem to be 
proved, eq 13b, follows directly, for if M^'^^^2, 
this becomes 

A 1 

70:5 yas (coth 7as+coth /3a s) ' 

coth 7^5 



coth 7^5 + coth jSas 
for every s. 

To prove eq 13a, the four expressions 

— 2~ ~ 1 7 M^"^^ — 2, 70:5 coth 70:5 and 7^5 coth 7^5— 1 

are each positive when M^'^^>2. 
Hence 

(il/(/«)_l)^oiCoth/3a+( -^ 1 j(7acoth7a — 1) + 

ilf(m)_2>0. 



Adding 



il/^^) 



(7a coth 7a— 1) to both sides gives 



l-\ — ^ (7a, coth 7a,— 1) 



<(M^^^-1)7q:, (coth 7«s+C0th /3a,). 

The inequality (eq 16) then becomes eq 13a, which 
was to be proved. 

Consequently the second member of eq 10 when 
/n-^ 00 gives the solution Xs of eq 9 as a convergent 
infinite series of positive terms, which may be 
written 

yas( k=iakL J) 

(17) 

where As, X^J,^ and X^f may be computed by 
eq 8, 6, and 11. The process is straightforward, 
the series converges for every positive ^ and 7 
and is therefore the complete solution of the gen- 
eral problem, but as such is practically useless in 
all its generality. By good luck we may restrict 
the problem so that only the first series of eq 17 
is necessary. 



Eq 2 with n=l, J=l and t=imr/y, becomes 



\ 7 / \ -y /k= 



al + 



(")' 



\ 7 / 



Using this, the definition eq 6 of XH^ leads to 
the exact equation, 

^ -TTd) ^ TT (nwfy) H, (imr/y) J„+i (imr/y) . 

^^,^--g- {n.y+{yasy ^^^^ 

To complete the proof it is necessary to show 
that the inequality eq 15 is satisfied in both cases, 
v=0, and z^-- — 1/2. 

In the case v=0, Jo {as) = 0, the two positive 
real quantities have the asymptotic expansions 

(19b) 

If 7^1/5 these are in error (in the most unfavor- 
able case n=l) by less than one part in 10^ 

From tables of Ho (ix) and Ji (ix) for x>0, it 
may be verified that the first member of eq 19a 
is a monotone increasing function of (mrly), so 
the inequality (eq 15) is true. 

In the two-dimensional potential {v= — ll2) 

H.y,{t)=iHyM=-(^J' e" 



and 



'--^'Hv^ 



cos t 



and 



/2\^ 
^k(0==(^:^J sin^, 

so the analogues of eq 19a and 19b are 

^\-ly-)H-y\—)J-y\—)=l+e (20a) 

/mr\ j-j /m7r\ -r /iniiX , ^^ ,^^, . 
^(-;^-^(^— ;^^(— j=l-^ ^(20b) 
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the latter being also a monotone increasing func- member of cq 19a equal to 1, (as is very accurately 
tion of nw/y as in eq 15 with +1 as upper limit. the second member of eq (20a), which gives by 

For small values of 7 we may place the second eq 6 for ])oth values of p, 



-^sA 3 ^ 



'"'["•^m'KM'vy] 



Oik 



a? 



For k=s this is 0/0 but is determinate, 



(21a) 



or 2. For this purpose we may get more rapidly 
converging series by use of the identity 



I ^5 1 



W' 



where S{u) and T{u) are defined below. 

The expressions (eq 21a and 21b) are, for all 
practical purposes, exact in the two-dimensional 
case j/= — 1/2, but as shown by eq 19a they may 
be in error for the case i^=^0 by a part in 2,000 
when 7 is as large as 1/5. However this corre- 
sponds to an error of 2 in 10^ in capacitance so 
that eq 21a and 21b are sufficient in either case. 
To the same approximation, eq 18 becomes 



y^ ^ik = COth y as — -- 

k=i y(^i 



(21c) 



2yas 






^ oT = 72[0.57722 + i?^(l + m)] 



T{u) = ~D,2S(u) =^ , ' ,,, 



d 



(22a) 
(22b) 



where t/'(2)=-t- log F {z). From the asymptotic 

expansion of the psi-f unction it is found that when 
u is large S(u) vanishes with the asymptotic expan- 
sion, 



'(-'~iB 



S{u)'^^\ ^log (1 +ti2) + 0.57722 - 



'2{\+u')\ 



(23) 



For value of u as small as 1 this formula is in error 
by less than one percent. 

We have to compute S{u) and T{u) for values 
of u from u slightly greater than zero up to u=l 
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n{n'^-\-u'^) n^ n^ 11^ n^ n^^ n^^(^n^-{-u^) 
Since 2D 2^+1 ^^ accurately known, we find 

71 = 1 ^ 

5(7/) = 1.20206 -1.03693 u^-f- 1.00835 u'- 

1 



1.00201 u'+l. 00049 u^-u'^'J^, -m7 2 , 2x 
and 

T(^) = 1.03693-2.01670 '?^^'+ 3.00602 u'- 
1 . .^ 1 



4^^ x: -r, 



-3u«S 



(24a) 



(24b) 



III. Application to Capacitance 

The surface density of charge on the bottom of 
the hole or slot is a function of ^(=p/a), given by 



27r(lc7=| (D,V),^,-- 



Xs^'Juia,^) 



^sinh fiasJ,+i(as) 
The charge on this circular face of radius a is 

Q=27r r padp=aJ2 '^l n ' 

^ Jo 7^1 as smh ^as 

The charge on the bottom of the slot, (whose width 
is 2a) and per cm length of slot, is 



ra 1 00 

Q'=2\ adp=~J2 ^ 

Jo TrfTia, SI 



sinli Pas 

The coefficient of capacitance, C, between the 
plane x=^0 and the bottom of the hole is given 
(in cm) by 



= Z: A-^ where Jp(a,) = 0. (25) 

7^5 as smh ^a, ^^ ' 
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In the two-dimensional case, the coefficient C^ per 
unit length of slot is given by 

ttC^ =^2i ~ — ^— T — 7r~^ where COS a^=0. (25a) 

The coefficients, Xs, are solutions of eq 9 given by 
eq 17 and x[ are similar functions of a[. 

The two infinite, parallel planes with separation 
c (fig. 1), bring about a uniform electric field at 
points between them, which are far from the edge 
A2 of the hole. To approximate this with small 
planes, they must be close together. Hence one 
restriction which, in the nature of the case, must 
always be made is that 7, ( = cla) is small. A 
second restriction that may be made, and which 
further simplifies the computations, is that the 
hole is not relatively shallow. There would be no 
hardship in practice if these restrictions are, 
roughly 



l^^=(6-c)/(i<oo. 



(26a) 
(26b) 



By reason of the first, the constants Xi, X2, Xs are of 
the order of magnitude of unity, but they are by 
no means of equal importance in the formula for 
capacitance. By reason of the second restriction, 
the denominators in eq 25 and 25a are such pow- 
erful convergence factors that the second term of 
of the series is less than 2 percent of the first, and 
any term is less than 4 percent of the term that 
precedes it. Only two or three terms of these 
series are required, and the accuracy depends 
mainly upon the precision with which the first 
constant Xi is evaluated. 

For this reason we retain in eq 17 only the first 
approximation 



Xs--=-- — ^for s>l. 



(27a) 



For the important constant Xi we retain also the 
first series in eq 17 



x,=A(i+,o, 



(27b) 



where 



*i=(7«i)^2 






00 yd) 

k^iajc{coihyajc'\-coth ^aj,) 



or by eq 21 



-K?)'[s^'+'^-]' 



where 



R 



n+l — ^ 

k = n-\-l 



^: = 



'C-^ycfyK"?) 



(28) 



(29) 



ai(coth 7ai + coth I3ai) 



For ky 1 

1\ = 



ait(coth 7Q:^+C0th jSa^) 



g/ya. 



Oik— Oil 



(30) 



When i8>l we may place coth ^ol^,= \ for /:> 
1 since coth as^ 1.000. If we take n just large 
enough to make ya^jir as large as 1/2, then 70:^+1 
is of the order of 3/2, so that in the series defining 
Bn\\ we may neglect variations of coth ya^. ^Iso 
the term in eq 30 with factor oL\l{al—aX) will then 
be negligible compared with the first terms so that 



Rn 



y 



Siyajclir) 



k = l Oik 



""^^ 7r(l + C0th 70:^+1) k=n+\ (yoik/Tr) 
We may estimate K^+i by using eq 23 so 

2x(l + coth7a.+0i?n+i-7i] /(— ) (31) 

/(a;) = |,[log (l + x^) + 1.1544- ^~~], (31a) 

where /(x), defined by this equation, is a positive, 
monotone function of x, which decreases slowly 
with increasing x. 

At this point it becomes necessary to distin- 
guish between the two cases. 

In the three-dimensional case (^ = 0) 

aklTT^k — -^j 
very approximately, so 
2T{l + cothya.n+i)En+i=y ^^^f(^y\Jc=^jy 
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in the case ^^==^0. 

Also akl'K=k — -^ exactly, in the case v=—-^j so 
that 

2x(l+coth7an+i)i?n+i = T^i] /(7[^-^]) 

in the case v=—-^' 

The numerical value of the sum of a conver- 
gent series of positive terms which continually 
decrease, say 

A= ± F{k), . 

represents the sum of the areas of the rectangles 
each of unit width and height F(k) . 
The positive, monotone function of x, 

y=F(x-ll2), 

represents a smooth curve that passes through the 
mid-point of the top of each rectangle. 

When, as in the present case, this function 
decreases slowly with increasing x, the area under 
this curve from x=n-^l to x= co is a good 
approximation to the value A of the series, so 
that 



A^ 2 F{k) 

k=n+l 

= f" F(x-l,)dx=('° ,F{x)dx. 
Taking F{k) = 7/ (^^ k) gi ves 

7 S y(^-/^)= f" J(x)dx\ 



B 



where 



(32) 



^^+^'-^ + |-if Jo(^.)-0 

=n if cos ajc=0, 

provided J(x) is a positive, monotone decreasing 
function of x for 

Hence from the function /(3::) in eq 31 we obtain 
A Standard of Small Capacitance 



1 ( 0.1 544 + 1 (log + x^ ) 

''+''^47r(l + coth7a:.+i)( xl 



2 
where 



-(^'^)l' 



(33) 



Equations 25 and 25a for capacitaMce bcM'ome 

C 1 ^^ (1+e,) sinhTo^s i 7/ \ a ror^\ 

—=- Zu 2 • k/>o I — \ — where Ja{as)=0 (35) 
a 7^ia?smh(iS+7)a, ^ '^ 



^, 1^ (1 + eJ smh ya^ . ^ n ro^ \ 

ttC =-2-1 / n2 • i ToH \~ ' where cos a, == (35a) 
7^(«D smh(/3+7)a, 

€.„ el=^0 if s>l, y = c/a and p={b — c)/a 

€1, e[ computed by eq 24, 28, 29, 30, and 33. 

From an examination of the effects of retaining 
all t(^rms in the second members of eq 19a and 
19b it is easy to ascertain that the error in eq 35, 
whatever it is, must be of the same order of magni- 
tude as that in eq 35'. The terms of eq 19a and 
19b, which are neglected, are estimated to produce 
an alteration less than 2 in 10^ in capacitance. 
The error in eq 35 and 35a increases with 7, vanish- 
ing with it, but is practically independent of 13, 
for l^i8< 00. The computed capacitance will be 
lower than the correct value. 

To estimate the error we apply eq 35a to 
compute ttC for the case of a standard capacitor 
constructed here, which approximates to the 
two-dimensional type. Its dimensions are 



a= 0.8540 cm 
c= 0.2000 cm > so 
6 — c= 1.8940 cm 



--0.23419 



a 



^l3={b-c)/a = 2.2l7S 



By eq 28, taking 7^=4, 

61 = 0.00873 fg ^^+^5] 

Pi =0.1 945 

P2--O.IOI5 
P3 = 0.0572 
P4= 0.0348 
/?5 = 0.096i 



0.484 = 2:P,+i?5 



k = l 
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This gives ei = 0.00423. 



r 10 



It was found that with n— 10, the sum y^,P},+ 

Lfc=i 

Rn gave a value of ei so near this as to affect the 

capacitance by less than two parts in a millon. 

The result of computing ttC by eq 35a is to be 
compared with that given by the exact equation 
(eq 48) to be derived below. The constant Jo 
appearing in eq 48 is given by eq 43a, which gives 

io = - tan 7-0.1464544. 

TT 



1st term 


ttC 


by eq 35a 


bj^ eq 48 


0. 027 795 
. 000 005 
. 000 000 
. 027 800 


0. 027 810 8 
. 000 003 7 
. 000 000 00 
. 027 814 5 


2d term 


3d term 


ttC 



Equation 35a here gives C" too low by one in 2,000. 
Another computation for a shallower slot, 13=1, 
with the same y as above gives a coefficient of 
capacitance C^ about seven times as large. 



1st term _ 


TT 


C 


by eq 35a 


by eq 48 


0. 192 142 
. 001 537 
. 000 026 
. 193 707 


0. 192 688 
. 001 146 
. 000 000 
. 193 834 


2d term 

3d term.- 


ttC. 



Hence we expect the pacitance in case of the 
cylindrical hole computed by eq 35 will also be 
lower than the correct value by about one in 2,000 
(if 7=0.2). This is probably less than the experi- 
mental error of the comparison of such very small 
capacitors. 

If a precision greater than one in 2,000 were 
required, this might be found by retaining one 
more series in eq 17 for Xi, that is, 



^1 r 

7«i L 

^1 






A:=l 






■]= 



where 



A;=l 



Oik 






where X^l^ is given by eq 21a, A^ by eq 8. 
For 7=1/5 eq 35 gives values of C that are too 
small by one in 500 neglecting both €i andSi; and 
too small by one in 2,000 neglecting 5i only. From 
the computations given it appears that 5i is about 
1/8 of €1. The approximate evaluation of 8i by this 
double series would require an evaluation of each 
remainder, as in the single series for €i. It would 
require much labor for small gain. 

An alternative estimate would be given by mak- 
ing a plot of the error in eq 35a as a function of 
7 from 7=0.1 to 0.5 all with 13=1. This could be 
taken as an estimate of the error in eq 35. 

IV. The Two-Dimensional Potential 

Let (j) {x, p) be the two-dimensional potential 
that vanishes on the plane x=0 and has the con- 
stant value TT on the guard-conductor and on the 
base of the slot. Its conjugate function xf/ {x, p) is 
zero on the a;-axis. Let xpi and \l/2 denote the value 
of i/' 1 at the points Ai and A2 respectively. The 
capacitance C per unit length of slot is propor- 
tional to \l/, for the surface density a of charge on 
the base of the slot is given by 



4xcr 



=[^t^*]..r^<»-'- 



yoii 



[l+6, + 6i] 



so the total charge Q' upon the base of the slot, 
(of width 2a), per cm length of slot is 

The coefficient of capacitance C per cm length of 
slot between the plane x=0 and the bottom of the 

slot is C' = ^ (cm) or ttC'^P' 

To find xpi we first obtain the complex potential 

o) = (l) + i\l/, 

which may be considered a function co (z) of the 
complex variable z=x+ip. 

To do this, the dielectric region (D) of figure 
2a is first represented conformally upon the 
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Ao Ao 



p--a - 
p--o 



m 



,ili2:^A,(b,a) 



I 



-^ X 



x=o x=c x=b 
A 




^=0 




^ = 



-•A2 (7r,^2) 
Ai (rt.V^,) 



= n 



One is led to the equation of transformation by 
well-known methods, but for convenience of 
numerical computation, it is better to use the 
series that are equivalent to eq 37 and 37a. By 
this method the discussion of the equation of 
transformation and of the potential may be made 
without any reference to, or knowledge of, theta- 
functions or elliptic functions. 
Accordingly we take a complex variable, 

and start with the equation of transformation, 

- (z-b)=2 log (gO-7 j^ log (^=-^^qr^ + 



"^12.%^, ^sin2n^o^^ 



(38a) 



where the positive constants, 0<g<l, and the 
angle 6^, i 0<^o<C ^\ ^^^ to be found in terms of 
the given constants 



7=— and 3= 



Figure 2. Dielectric volume, 

A, Plane of Z=Xi-ip; B, plane of t=re<^, eq 38; C, potential strip 
oi=<f>-\-i}l/ (ef4 47). 

quart er-annulus of figure 2b defined by the plane 
polar coordinates 

l<r<iandO<K|- 

The conformance is indicated by similar letter- 
ing in figures 2, a and 2, b. This region {D) may 
also be represented on the semi-infinite, potential- 
strip as shown in figure 2, c where 

0<(/)<7r and 0<i/'<cx). 

The mapping equation we take is equivalent to 



TTZ 






c c 
and the potential is equivalent to 

t^i(ro+r)^2(fo-f) 



(37) 



co=i log 



=ilog 



^i(ro-f)^^2(ro+f) 

sn{u,+u)cn{u,-u ) / j^^^^ u=^t\ 
cn{Uo+u)sn(Uo—u) \ -k ^ ) 



Since 1<|^! =r< -in figure 2b the logarithm in 
eq 38a may be expanded in a series so that 



J (3- 6) =2 log (20- 

^^H 271(1 -2*«) ^"'2''^'" ^^^^^ 

which converges within and on the boundaries of 
the region {D) of figure 2b. Its term-by-term de- 
rivative converges within, but not on the arc r=\. 

dz 
To obtain a series for -77 convergent on the bound- 
aries, eq 38a may be differentiated, giving 

{T^dz__ r 4^^ s in ^q cos 6^ , 

\2a) dt~^'^^\_{t'+l) 



1)2-4^2 (.Qg2 ^^ 



2S 



g^^(r2^+^^^) . 



sm 2nd( 



]■ 



(39) 



To establish the correspondence for the point A2 
of figure 2a and figure 2b, we place z=c^ia and 



(37a) 



and t=e'^ in eq 38a. This gives 



(40a) 
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Also, since the point A2 is the only point where 
angles are not preserved by this transformation, it 
is necessary that dz/dt be either zero or infinite 
there. Since z is continuous there, dz/dt must 
vanish. Hence the second member of eq 39 must 
vanish when t=e^'^''^. That is 

tan.o+4i:^-^)7^;r^-^"4 (40b) 

These two equations determine q and ^0 as func- 
tions of j8 and 7. 
If we write 



and 



^?o = |-^oso0<?o<l 



7= tan 5 



(41) 



then, eliminating g between eq 40a and 40b gives 
the following equation to determine ^0 

i. ^?o , .^ 6-2^^(^+T^-^^'')sinn7rJo X ^ /.ON 

cot -2- + 4g i_,-2.w^+.-.^o) -^Qt ^' (42) 

A very accurate solution of this for the case in 
which the slot is not relatively shallow (/3 not small) 
may be obtained by using a few terms of this series. 
Thus it is found that 



7r_ 
2" 



7r|o_ 
' 2 



[70 — ^-=5 -[-8 sin^ 5 cos 5 e 



.[^+(.-^;)tan.]. 



(43a) 

8 16 

where (7i = l-r4 sin^ 5 — 7^ sin^ b cos 5 + ^ sin* 5. 

Also |(72|<32, so the term in C2 is negligible 
when /3^1 and b is small. 

When ^0 or ^0 is computed b}^ this formula, the 
parameter g is then computed by 

q g— 7r(/34-7 — 7fo)/2^ 

Since t=re^% eq 38^, gives x and p as functions 
of r and 6 by series that converge in (D) , and on 
its boundaries 

X 6,2, , . 
-=^+-log(r)- 



P^2_.^2,^02rp+M!!i3i, 2«.^ 3i, 2,, 



a TT^x^^i 7^(1 — g*'') 



(44b) 



for l<r< -and 0<^^7r/2. 
The complex potential is 

"~''~^^i ^2n-l)(l-2*"-^) ^ ^ °' 

(45) 

which resolves into the two real equations 

sin (2n— 1)^0 cos (2n— l)i9 (46a) 

- g2n-l[(^y,)-(2^-l)_|_(g^)2n-l] 

^~^;^1 (271-1) (1-^*^-2) 

sin (271—1)^0 sin (27i— 1)^. (46b) 

The constant xpi (at ^1) corresponds to r= 

q 2 

The constant \p2 (at A2) corresponds to r= 



2 



If these two positive constants are determined 
thus, the equation that maps the region (IT) of 
the z-plane confornaally upon the semi-infinite 
strip of figure 2c is 



c f'" /cos co' + cosh 1/^2 7 / /.^7N 

3=- ^\ J-. TTi doi. (47) 

TT Jo \ COS CO + cosh 1^1 ^ ^ 

To prove this we take the complementary mod- 
ulus of the elliptic function of u in eq 37 as 



tanh ^— tanh 



^1 



k'-- 



tanh^^+tanh^^ 



and determine the constant u^ by 
!«a=i(tanhf + t.nh|)wh.reO<^< 



K 
2* 



Details are omitted as we do not make use of the 
relation (eq 47). 

From eq 46b we obtain { placing r=- and ^^^ j 
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Hence tho coefficient C of capacitance per unit 
3ngth of slot is given by 

^r_4 >g^(-l) "+^g^""^ sin (27i-l)(9o 



Or letting a.!=(2,s— 1) ^ this may be written 



rO' = S-7-i 



cos «,'^o 



~ia[ sinh a,; (jS + 7 — 7&) 



(48) 



where Jo is the root of eq 42, which may be com- 
puted by eq 43a. This equation gives C with all 
the precision that may be desired. This is the 
equation which may be used to find the error in 
eq 35a which would be of the same order as that 
in the throe-dimensional formula (eq 35). 

The deeper the slot, the more rapid is the con- 
vergence of the series (eq 48). Although this 
series converges for any slot ho weaver shallow^, it 
becomes practically useless for computation when 
^ is small. 

To obtain a formula of comph^ncMitary nature 
to eq 48, whose rate of convergence gets more 
rapid as the slot gets more shallow we may make 
use of a transformation, which introduces a pa- 
rameter qi, which is foimd to be equal to ^|(f . 

In this case wc transform the dielectric region 
of figure 2, a, upon the semicircular annulusof a / 
plane, as shown hi figure 3. 




Figure 3. Semicircular annidus for eq 49. 

As in the preceding case r and 6 are polar 
coordinates and 

but in figure 3 the range of r and B is 



gi<r<l and O<0<7r. 
The equation of t i-ansformation is now 



(49) 



The positive constants q^ and /'o where 0<gi< 
Tq<C\ are determined by securing the correspon- 
dence at Ai and the vanishhig of d7j\di at A^ 
where angles are not preserved. Tliese two 
equations are 



and 



q\=e-rr 



Let tii = log - or q^^e "^ 
Uo=log ; or ro = 6-"". 



(oOb) 



(51) 



Then the tw^o equations (eq 50a and 50b) mny be 
written 



and 



t=\ sniQ nux 

TT—BUi 

Uo^ - — 
7 



(52a) 



(52b) 



Hence, eliminating Uq, the equation that deter- 
mines Ui is 

t^i smh nui 7 ^ ^ 

The complex potential is 

0: = (b -]- i\l/ 

(53) 

A . ii 1 A T^^ irb . lira , , , J 

At the point Ai, ^ = ^ + -;0 = 7r, yp=ypui^^ie 



-^i- 



Equation 53 gives 



A Standard of Small Capacitance 



299 



_^g g^ ^^ (-l)"+'sinhrtUo 

c 7 ^ £^i n cosh «,«! ^ ^ 

From this we obtain the following equivalent of 
eq 48: 

^(j,^a 1 r/3-M, ^^ (-l)''+^sinh7i(7r-<3ui)/7 l 
"^ ■' 2c 27r [_ 7 ^1 rj. cosh n%i J' 

(55) 



where Ui is a function of /3 and 7 determined by 
eq 52c. This may also be written 

(56) 

where ro and gi are determined by eq 50a and 50b. 
For a relatively shallow slot in which /3/7 is small, 
while Tvjy is neither very small nor very large, we 
find to the second order inclusive in /? or gi 



^^ = i{'-i^'''--^l^l' (57a) 



where 
logro = 



7 VT+i^cothTr/T/ ^^ 



CO til - 



47 sinh 7r/7 

(57b) 



This applies for a slot so shallow that formula (eq 
48) would be impracticable. 

V. Appendix 

Formulation of the potential as Contour 
Integrals. 

The generalized potential equation (where 
,,==0 or ^=-1/2), 

(Z>^+D?)F+^^Z>pF=0, (1) 

has solutions of the form 

V=({C, cosh ^+C72 sinh ^|)r^a(^^), (2) 

where ^=p/a and C^, is any cylinder function of 
t^ with parameter v. The constant t is arbitrary 
and may be complex. The two fundamental equa- 



tions, which are satisfied by all cylinder functions, 
will be needed for reference. They are 






which are equivalent to 



(3) 



(3a) 



The cylinder functions here used are Bessel's 
function Jv{t) and the two Hankel's fanctions 
H'-V{t) and H?(i). However, the latter will only 
be used in passing, so that since H^V occurs fre- 
quently it may be denoted by H,{f). 
From the identity in t, 



H,{t)J'.(1,)-H[{t)Mt)=^^, 



(4) 



we obtain from the fundamental equations (eq 3) 
for the case t=^as, 
where Jv{as)^^, 



= — 2/J,^_i(as) 
iwtH,{t)_ 1 



2j:(o j'.m 



when t=as. 



(4a) 



In all that follows it is understood that the ^-plane 
is cut along the negative real axis so that 
— 7r< arg ^<7r. 
There is the identical relation 



2J,{t)=H.(t) + HM\t), 



(5) 



The circuital relations around the branch-point 
^=0 are 



H^f(te-'-) = -e'^-H,(t) and J,{te^'-) = e-'^-J,{t). 



When I ^ i is large 



(6) 



H.{t)^ 



and 



'^lvt' 



T <'-\.'-m 1 






(7) 
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In certain cases the cut in the ^-plane may be 
disregarded, for t~''Jv{t) is an even integral func- 
tion of t. Since v is here considered real and 
j'> — 1, the zeros of t~''Jv(t)=0 are real, at 
t=±as(s=l, 2, 3). If t'^Fcrit) were another even 
integral function of /, where o-^ — 1, the ratio 
t''~''Fa{t)l{Jv){t) is an even function of t. Suppose 
j{t) is another analytic function that may possibly 
have simple zeros at t=tn. 
If 



the integral around a circle of radius \t\=r, 



(8a) 



(0 



1 C t^'^^Foi 
2^^ J jWtit) 



dt, 



will approach zero when r increases without limit 
and without passing through the points t=tn or 
t=±as. By Cauchy's theorem this gives (since 
J I (as) = — J.+i (as) , 



S77 



tr^F^it 



n J {tn)Jv{t 



„) _^ ar'F^ia.) rj^ 1 1 

(8a) 



This would be a trivial identity = 0, only in the 
case where jif) is an even function of t. 
Taking/(0=i— <o gives the identity in t, 



t^-'FS) 



>0 when t—> co 



where t'^'Fa (t) is an even integral function of t. 
Equation 9 applies when v and a are both real 
and exceed —1. Replacing (xhj v + a and taking 

Fa-^,{t)=J,^,{ts) gives 

for any t, when 0<^<1 if —1<C^ and —l<Cv+a 
and when J=l if —K^v and 0<er. 

The case of this (? = 1, <^>0) is a special case 
^^0 of the following, which is obtained by use 
of the even function of t, 
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..= i(q:; — //)J,+i(q:s)(Vq;: — M )^% 

where —l<^v, 0<^o-, t and /x arbitrary. 

Another case of eq 9 with Fa(t) = G^{t): 
If f^Gyit)^ is an even integral function of t (10a) 
and G,(t)!J,{t)-^0 when t^o:^{t±as) (10b) 

then by eq. 9 

asG,{as) 



GXt) = 2JS)Tj7 



(lOc) 



-i{oL\—t'^)J,j^i{as) 
It will be found that the infinite set of functions, 

'^^(0=~2^r^2(wheres=l,2, 3, . . .^), (11a) 

constitute an open set of normal functions for the 
positive real interval 0<^/<^ co . That is 

(lib) 
Since the set is not closed, an arbitrary function 
could not in general be developed in a series of 
those functions, but eq 10c shows that such devel- 
opments are possible for a function G,,{t) satisfying 
the conditions of eq 10a and 10b. 

A function G^{t) would satisfy eq 10a if defined 
by a series 



G,{t)^2J,{t)^ 



= 2t2^sUs{t), (12) 



which would converge absolutely if \xs\<Ccs^ for 
s>5o where :p<l. Letting t^as shows that 

Xs=asG,(as)/Jp-^i{as) as in (10c). 

To prove the set Us is not closed it is sufficient to 
find one function J(t) (not a null-function) for 
which 



/: 



(/(0'U,(0(i^-0forevery8(=l,2, 3, . . .oo. 



A class of such functions will bo found immediately ; 
one of the simplest is J^, (t^) where l^J, for it 
will appear that 



j: 



tJ^,(t^)Us(t)dt=0 for every s. 



(13) 



When eq 13 and lib are proved, the following 
will be a consequence: 
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If G (t) is defined by a series (eq 12), or having 
the character of eq 10a and 10b is developable in 
a series Hke eq 12, then by eq 13 

f tG.{t)MtOdt = when l^^<co^ (14a) 
,./o 

but when 0<J<1 



J. 



tG..{t)JM)dt=g.iO^'i±^TM^- (14b) 



These two equations show that G,{t) is the Hankers 
transform of the function g^iO, which is zero 
for ^^ 1 , where 



G.{t) = jjg.(OJM)d^- 



(14c) 



Conversely, if, with a given function g,(0, its 
transformation Gy(t) were defined by this equa- 
tion, the development (eq 14b) is the formula for 
developing g,{^) for 0<$<1 in the series of normal 
functions JvioLsi)- 

Equation 14a also follows from eq 14c by reason 
of Hankel's integral representation of .g.(?). 
Finally the identity in t of eq 10c would then be 
obtained by replacing J,{it) in the integral (eq 
14c) by the second member of eq 9a with cr=0. 

The equivalence of eq 10c and 14c as to estab- 
lishing eq 14a will be important to remember. 

To derive eq 14b for the case 0^J<1 we find 
by eq 9a with <j=0 



Jo ^ ' ^"^ ' ,^1 Jv+i{ois) Jo a,—t 

5=1 Jv+l{0is) Jo 



2 f] ^^fi^ f: x,2 (tus{t)u,(t)dt. by eq (12) 
5=1 Jp^i[as) k=i Jo 

The use of the orthogonal relations (eq lib) leads 
to eq 14b. 

We require next some transformations of the 
integral 



Jo 



tG.{t)j.mw{t)dt 



assumed to be convergent. The function W {t) 
has no singularities in the immediate neighborhood 
of the real axis of t and is an even function of t. 
G,(t) is defined by a series (eq 12), so that it has 
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the same circuital relation around the branch- 
point t=0 as J,(t), that is G {te±''') = e^''''G,{t). 
As a first step displace the path of / slightly 
downward so that it goes from 0— ^0 to <»— ^0 
just below the positive real axis of t. After this 
replace J;x( JO by 



[H,m+Hl'\^t)]eci5, 



Then 



^ Ji)-i[) 



tG.(t)ILmW(t)dt- 



2 Jo- 



tG.,{t)iifmw{t)dt 



In the second integral let t=Ve~'"' and take 
account of the branch relations (eq 6). This 
gives 



'=\ IJjQMHAmW{t)dt, 



where the path p begins at t=—co-\-i and 
continues above the cut (on negative real axis of 
t), crosses the axis at ^= +0 and thence to + oo — 
i below the positive real axis. 

For the next transformation leave Jv{it) in the 
integrand of / but break up Gy(t), For this we 
may use temporarily the abbreviation F{t) for 
the even function of t. 



ai-f 



SO that -eq 12 is G,(t) = 2F{t)J,{t)=F{t)[FI{t) + 
Hence 



/= 



■L 



tJ.mFit)W{t)H,{t)dt-V 



r 

Jo-Id 



tJAWF{t)W{t)H'f\t)dt, 



The substitution t=t^e ^'^ in the second integral 
works out as before, giving 

/= ( tJM)F(t)W(t)H,{t)dt, 
Jp 

On restoring G.{t) by F(t) = G,(t)l2j(t) this gives 
r G.{t)J.m W{t)dt=\{ tGXt)IMt) y^- W{t)dt 
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where 



= lj^tG.(t)H.mW{t)df. (15) 
dt= dt+ dt. 

Jp J-oo+iu J+O-iO 



If the first integral converges, the only other 
assumption necessary for this transformation is 
that t'^Gvit) W{i) be an even, analytic function 
of t in a region that includes the real axis. 

Taking W(t) = \ and GS) = u,{t)=J,{t)l{a:-t^) 
gives 



^^ tu,{t)JM)dt=\ ^Ui,{t)IL 



mdt 



1 r ii:tJ,{t)H,{it) 



27ri 






dt. 



On the infinite semicircle ab:)V(* tlie real axis 

\iTrtJ,(t)ILm\-^0 if 1<^< CO 
-^1 if ?=1. 

Hence, closing the path gives 



tu,{t)J,{^t)dt=0 \{ l^i^cx^ , which is eq 13. 



j: 

Similarly, 

_ j_ r iTtH,{t)Mt) , 

which gives the orthogonal relation (eq lib). 

The potential V{x,^), which satisfies eq 1, van- 
ishes in the plane x=0 and has the value 1 on the 
right hand boundar^^ of figure 1, may be formu- 
lated in terms of its (unlaiown) values on the 

artificial boundary x=c, 0<J=-<1. 

a 

Let 

V{c, ^) = l-/,(e = l-r^^.(J) forO<?<l 

= lforl<J<oo, (16) 

where/. (1) = 0=.^. (1). 

Consider ^y(^) the function represented by the 
series (eq 14b) and Gi,(t)y its transform defined by 
eq 14c so that Hankel's integral identity is 
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UG,{t) J.{^t)dt=<j,{i) when 0<?<1 
= whenl:<^:< oo . 



(17) 



Also the series (eq 10c) represents G^,{t) for all 
values of t and t~'G^{t) is an even integral function 
of t. Since g;,{^) vanishes when ?=1, its repre- 
sentation in eq 14b as a series of normal functions 

<t>siO = ^^¥4^ is valid for 0<^^1. 
The related set of normal functions, 

are suitable for the development of the function 

for it is known by the general theory of these 
series of Dini's type that a function that becomes 
infinite when ^-^1 may be so developed provided 
its integral converges. The formula is 

That is, . 

By integration by parts the integral is found to 
be 

- I Ws^iJUi{ots^i)+{v-\-l)J.^i{as^i)]gu{^i)dii. 

By use of eq 3 and 3a this reduces to 

— ocs i iigv{ii)J.{asii)dii, 

which is —asGv{oLs), so that 

jgA& = -'^±"j?^.J^+MA), (18) 

which is valid for 0^g<l. As f-^1 this series 
converges to values that increases without limit, 
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as it must do to represent the function on the 
left in which /^(^) and gl{^) go to — oo . This 
method of derivation of eq 18 proves that it is 
permissible to make term-by-term application to 

eq 14a of the differentiating operator ?" -jt [^'"Qv^ly 

for this gives eq 18. 

To test the convergence of series and integrals 
representing the potential, and to make certain 
transformation of these integrals, a knowledge of 
the principal term in the asymptotic expansion 
of G;,(t) is required. These may be derived from 
the well-known fact that if the interior angle at 
A2 in figure 1 is d, the potential in its neighbor- 
hood must vanish like A (1 — ^^)''^^. Since 6 is 
37r/2 in this problem, consider the comparison- 
funtion 

gA^) = ^'fAO = A.^^{l-^'r' where A,>0. (19a) 

Its transform is 

G.(t)=A.jj^+\l-^'r'JM)d^.> (19b) 

Hence ^^(?) is represented by a series like eq 14b 
and also by eq 18 

g:a)-j9.i0=--2±°fj^ J.+:{a.e (19c) 
^ s=i Jj,+i{as) 

In the actual potential in both cases v=0 and v== 
— 1/2 the potential must vanish at A2 so that ^^ 
vanishes like the comparison-function g^ (^) when 
J^l. Consequently there must be a finite limit 
Lt, such that when J-^1 

gv{i)-gv{^)= 00 — oo=i,. 

This finite constant Ly may be positive, negative, 
or.'zero. Its value is not required, nor is that of 
the positive constant A. 

If we subtract from eq 10c the corresponding 



Subtracting eq 19a from eq 18 we get in the hmit 
(since ^v(0"^0 ^^d ^;,(^)-^0 when ?— >1) 



identity. 



G,{t) = 2Mt) S (J^l.;2) j(«,)^ 



we get, after multiplying the resulting [equation 

hyt'lMt), 

m(t)-G.{t)] _ ^£.a.^ rGAa^t^a^- 

Jvit) 8 = 1^ P + l 1 72 



limit 

a 

^+1 






which shows that the second member of the pre- 
ceding equation approaches some of finite limit 
Ly when ^-^00 without passing through any zero 
as of Jv(t). 

Consequently the principal term in the asymp- 
totic expansion of G;;{t) is contained in 



G.{t)^G.{t)±j;j.{t). 



(20) 



To see which of these two terms is the impor- 
tant one, we may find G^{t) by application of 
Sonin^s integral. If 0- and v are real [and o-> 0, 
!'> — 1, while t and ix are arbitrary, Sonin's inte- 
gral is 

{ilxY *" cos''+^</)sin''<^ Ja_i('?Vsin<^)J/^cos<^)rf<^= 
Jo 

(i/x)^-^JV.(^0 [^^(l-$^)^e/.-l(^MV^^^] di= 



^^j.+.(#=vy 



(21) 



which becomes with /x — 

JV+Hl -«^)"-V,(^<)d^=^(|)V.+,(0 . (22) 
Hence taking o-=5/3, eq 19 b gives 

When t is large this is the important term in eq 20 
so the asymptotic expression for G^>{t) may be 
taken in the form 

^"^ JM ^ ^^^^^^^^ ^^^^ t-^o.(t± as) . (23) 

If the interior angle at ^2 of figure 1 were any 
other than ^=3/2, say 7r<^<27r the factor f^^ 
would be replaced by t^-^^"^^. 

The formulation of the potential will be im- 
plicitly in terms of g,{0 but expHcitly in terms of 
its transforma Gy{t). 
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All that is assumed as to Gv{t) is that t~''Gv{t) 
is an even integral function of t with asymptotic 
expansion (eq 23). 

If y=c/a and P={b — c)/a, the potential in 
region I may be wi'itten as an integral over a 
path 2h, which encircles in positive direction the 
positive real axis of t, (all the positive zeros 
^^a, of J,(0-0). 

In region I 

(24a) 
In the combined region II and III 



V(x, = 



X f 



'^j\G.it)H,it)'^^'^'^dt. 



;,{t) sinh yt 



(24b) 



To show that this potential is everywhere con- 
tinuous and satisfies the required bounchiry con- 
ditions, consider the first integral in eq 24a. 
This vanishes when x=b and again when p=a, 
(^=1) since the denominator Jy{t) disappears, and 
the path pi then encloses no singular points. At 
the internal boundary x^c the integrands in 
eq 24a and 24b become equal. Also, since the 
denominators siidi I3t and sinh yt disappear the 
integrands have no singularity above the real axis 
of t so the paths p and pi become equivalent. 
Consequently the potential is contiiuious at 
x=c, 0<^<1. 

The integral in eq 24b and the potential vanish 
when x=0. To see that the integral (eq 24b) 
also vanishes when J-^ oo ^ reference to eq 15 shows 
that e(\ 24b is equivalent to two other integrals all 
equally valid in the combined region II and III. 



F(.,?)-f-^ 



■X^^'W^'(^^)Si^'^^ (24 



c) 



and 



Vix, e=f-r'J^" tG.it) JM) "^^ dt. (24d) 

By eq 23 the path p of eq 24c may be closed with 
anHnfinite semicircle above the real axis of t, when 
?>:1. It encircles the poles at t^iuT/y where 
sinh 7^=0, so that 
in region III {0:<x^c and a^p^ oo) 

T7/ >-\ ^ 1 T^i'" ^ / i\n • fnTvx\firnr\ 



^^^(TO^<v)- 



(25) 



In region II where 0:<^<1 it is eq 24b whose 
path may be closed with the same semicircle. 
The path then encircles two sets of poles, the set 
where sinh yt^Q and the set t=as on the positive 
real axis of t. Hence in region II (where 0^^<c 
and 0<p^a) eq 24b is equivalent to the series 

Vix D — ^-'^r" y^ G^(o^s)J.(asO sinh xas /a. 



t:s(-i,.™(!^') (=-')„. 



Similarly in region I (where c^x^b and 
O^p^a) eq 24a is equivalent to 



V(x,0 = 1-2^-'J: 



Gv{a^)Jy{asi) sinh (b — x)asla 



5=1 



J'\^i(as) sinh fiag 



(26b) 



From the last two series, we get the series that 
states the continuity of D^Vy 

cr[(Z).F),.,+o-(^xF),.,_o] = 

2 ± '^;^'"fJ yas (cothTa.-f eoth ^a.0^/^^1- 
^^1 V 7 / Jv{inTrly \ y ) \ y ) \ y ) 



which must be true only for 0:<^<1. 
For this interval 



e=22: 



Jv{0Lsi) 



Also by eq 9a with (t=Q and t=imr/v 



(27) 



(28) 



J„(mir^/7) 



= 2S 



Jp{ois^) 



itw'&,?} <'" 



00 

Placing these in eq27 gives a series y^.C,Jo(a,^)=0 

1 

so each coefficient Cs must vanish. 

Hence the continuity of D^V at x=c requires 
that Gv(t) be such a function as to satisfy the in- 
finite system of linear equations, in which, for 

brevity, 

1 _sinh 70^5 sinh ^ag 



A.^ 



coth 7as+cothi8a5 sinh {^+y)ois 



(30) 
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and 



_ asGy{as) ^ 



(31) 



The system of equations (s=l,2,3, ... oo) for 
continuity of D^V is 



n = l V 



(imr/y)H,{imrly)] g /imAAs .^^. 



The additional condition, that V{c,i) = l for 
J>1 is the equivalent of the identity in t in eq 10c, 
which becomes 



flCf)=2,V.(^')g 



^k 



{niry+iya.y 



(32b) 



There is an infinite class of functions Gv{t) that 
satisfy eq 32a making D^V continuous. There is 
another infinite class satisfying the identity (eq 10c) 
(or eq 32b in particular). These make F(c,^)==l 
when py^a. The function common to both classes 
will be uniquely determined. The second condi- 
tion (eq 10c or 32b) could be replaced by the 
statement that Gv{t) is that solution of eq 32a 
such that t'" Gv{t) is an even integral function of 
t with asymptotic expansion (eq 23). For this 
property is all that was required to show that the 
potential of eq 24a and 24b satisfies all the exter- 
nal boundary conditions and is continuous at 
x=c for 0:<^:<1. Hence if eq 32b is true, the 
potential is thereby determined and D^V is con- 
tinuous. This potential is known to be unique. 

Writing for brevity 

T-(i)/^>i_ T-(l)/^^ = ^^ 2mr['K{imrly) HXinTr/y)JSnTrfy ) ] 
^suW-^.sKy)-2^^ [(^x)^+(7a,)^] [{n-Ky-^-iya.y] ' 

(33) 

the result of eliminating Gj,{imr/y) between eq 32a 
and 32b is 

A.. 



Xs-y'Asas^XS^^x.^- 

k=i yois 



(34) 



which was derived more briefly in the texi. 

If the s'^ eq 34 is multiphed by 2J,{oL,i)l 
asJv+i(ois) and summed, this gives, by reference to 
eq 14b and 31 



^.(?)-y i:s 2^.«.x« r^^J\1 ■ 

k=ls = l L^y-\-i\^s)J 

2^ As Mas^) 
ys^ia^Jv+iioLs) 






Since Gp(ajc)= ^igv{^i)Jv{oijc^i)d^i this is an inte- 
gral equation to determine g^,(^) for 0:<J^1. 

Jo y s=^iasJyj^i[^as) 

where 



5 = 1 /C=l Jv-{-\\OLs)Jv+\yOLk) 



(35) 



It is known that the solution of this integral 
equation of Fredholm's type is given by the 
method of Neumann-Liouville, in a convergent 
series of iterated integrals, provided that 7^ is 
less than |Xi| where Xi is the smallest characteristic 
constant, or root of the Fredholm determinant 
formed from N, The constants will of course be 
functions of /3 and 7. This suggested testing the 
Neumann-Liouville method, which in effect is the 
method of successive substitution that was proved 
in the text to give the solution of the system (eq 34) 
for all positive values of fi and 7. Hence it may 
be concluded that Xi is a function of fi and 7 such 
that |Xi| is always greater than 7^ (unless iV is a 
kind of nucleus with no eigen-constants). It may 
be shown that this is not the case, and that N 
has an infinite number of constants X^ all real. 

For computation the system (eq 34) is disap- 
pointing, and, although it admits of a great 
variety of interesting transformations, these will 
probably all be unsatisfactory until someone dis- 
covers the appropriate normal functions for N or 
what amounts to an orthogonal transformation 
reducing the double series in eq 35 to diagonal 
terms only. 

In view of the fact that the potential problem 
for the two-dimensional potential (v= — 1/2) 
admits an exact (though implicit) solution by 
conformal mapping with theta-functions it does 
not seem improbable that someone might solve 
the problem here formulated for general values of 
V or at least for v=0. 

With this in view we add a few remarks and 
other integral equations, which so far have led 
nowhere. 

In the series of eq 34 we may place 



^k- 



ajcGj^jajc) 



,C-kMh)G,{u)., 
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2X cct-n '' 



Hence if we'multiply the s^^ equation of the system 
(eq 34) by 2J,(t)/{as—f) and sum s=l to oo this 
gives 



s=lk=l 



l-f 



2Jp(t) ^ As 

Replacing x^ by the first integral above gives 



G.{t)-y' j^^ UG.{U)M{tMdh^ 



2Jv\t) ^n^ As 



where 



s=\k = \ L<^.^ — ^ J 'L <^^- ^ J ^ 

(36) 



This integral equation satisfied by Gv{t) for 
0<^ CO is formally similar to its transform, the 
integral equation eq 35, which determines g^i^) 
for 0<$<1. The nucleus M {t, ti) is formed from 
^^ (^, ?i) by replacing the normal functions 
Jv{oisi)IJv+\{oLs) in the double series by the normal 
function asJu{t)/a^ — f). 

This set of normal functions is not closed, but 
this is compensated by the fact that the subsidiary 
relation (eq 10c) requires that the solution Gp(t) 
be a function that is developable in terms of them. 

The series in eq 32a may be put in the form of an 
integral, for 

2 j fi coth ytJL{ti)G,(ti) ^i^r^=2 ^' ^^^^ ^"'"" 

^ nir [it (imr/y) Hy (imrly) ] ^ /irnr\ 
h, inirY+iyasY ^\ 1 )' 

Hence the system of eq 32a is equivalent to 

as tanh ^, C ^^^^(^^)(^^^) ^^^^ (yU)H.{U) 
Jp 

dti 



yxs 



2 

tanh /3a 5 



(37) 



2 42 

Multiplying by 2 J,{t)/{a:—f) and summing gives 



yG,{t) + 



Mt) 



X ^'^'^^' 



ytiH^Hi) ^ 2a, tanh fia. 



2 J, — '^"'^ tanh <,T5i^(a'-<') («!-<?) 
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dti=2J,{t) Zi 



tanh ^as 



which may also be put in tiie form 



(38a) 



Jo s = l «sl«« — C ) 

(38b) 
where 

yti coth 7^1 S 2as tanh /3a, ^^^2 J—f ' 

(38c) 

One method of avoiding the system (eq 34) 
consists in assuming such an expansion in series 
for Gy(t) that the eq 10c becomes an identity in 
t without placing any reductions upon the con- 
stants or coefficients of the assumed series. In 
that case the set of eq 32a would be the only 
equations to be satisfied. 

Such a form would be obtained for Gt>(t) if it 
is the HankeFs transformation of any suitable 
function ^^(S) as in eq 14c. 

Sonin\s integral suggests a form for ^^^(e) that 
contains an arbitrary constant /x and arbitrary 
parameters a. 

If 

m 

(39a) 
where (rw>:5/3 

Then Sonin's integral (eq 21) gives 

With this expression eq 10c would be an identity 
in t without placing restrictions upon the con- 
stants Bm (other than required for convergence). 
This may be verified directly by use of eq 9b in 
eq 14c. 

If Gy(t) is defined by a convergent series (eq 39b), 
then t'^Gyit) is an even integral function of t. If 
the smallest value of (Xm is 5/3, then &(i) has the 
asymptotic expansion of eq 23. 

The set of equations (eq 32a) become the follow- 
ing set to determine Bm 
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^5 2»"='r(m/3) 



?»=5 



(39c) 



8==1, 2, 3 . . . 

Taking /x==0 and (rm = 7n/3 {m — b, 6, 7, . . . 



— -1 
g.(l)=2Pi: ^dl~.?,l (40a) 



(40b) 



3 (as) 



■'v~\ T> I "y+M/3^ 

^5 -U,a-/U+i(a.) 



('-^) [(«x)^+(7«.)^] 



=.-«!• (4o<^) 



which might require less labor in computing Brr 
than is required to compute Xs from eq 34. 

WASHiNGTOisr, January 23, 1948. 



308 



Journal of Research 



